Wave propagation in homogeneous granular chains subjected to impact loads causing plastic deformations is substantially different from that in elastic chains. To design wave tailoring materials, it is essential to gain a fundamental understanding of the dynamics of heterogeneous granular chains under loads where the effects of plasticity are significant. In the first part of this work, contact laws for dissimilar elastic-perfectly plastic spherical granules are developed using finite element simulations. They are systematically normalized, with the normalizing variables determined from first principles, and a unified contact law for heterogeneous spheres is constructed and validated. In the second part, dynamic simulations are performed on granular chains placed in a split Hopkinson pressure bar (SHPB) setup. An intruder particle having different material properties is placed in an otherwise homogeneous granular chain. The position and relative material property of the intruder is shown to have a significant effect on the energy and peak transmitted force down the chain. Finally, the key nondimensional material parameter that dictates the fraction of energy transmitted in a heterogeneous granular chain is identified.
Introduction
Granular packings are envisioned to be useful for applications ranging from dynamic wave propagation and mitigation to tailoring of impact energy. The dynamics of these systems has been an active area of research in the past few decades, starting from the seminal work of Nesterenko [1, 2] , who predicted the existence of solitary waves in unstressed elastic chains characterized by Hertzian contact [3] . Solitary waves have been observed experimentally [4, 5] for chains subjected to impact velocities small enough to avoid plastic deformations. For longer loading times compared to the timescale of passage of solitary waves between beads, trains of solitary waves have been observed [6] [7] [8] . Sen and coworkers [9, 10] studied the dynamics of a chain of spheres with uniformly varying radii, while Porter et al. [11] investigated the existence of solitary waves in heterogeneous dimer and trimer chains, and determined the wave width, speed and forces for various material combinations. Granular packings are also finding potential applications as waveguides because they exhibit a range of nonlinear phenomena such as band gaps and nonlinear refraction [12] . Recently, Gusev and Tournat [13] demonstrated the design of waveguides with ordered granular packings in subsurface channels, where the contact stiffness changes with depth due to gravity.
There have also been studies on the interaction of solitary waves in granular chains with boundaries, starting from the work of Job et al. [14] , who modeled and studied experimentally the effect of solitary waves reflecting off a rigid wall. Yang et al. [15] studied the interaction of waves at the interface between a granular chain and a linear elastic medium. The authors used a time-delay system model, where the displacement field is expressed as the sum of two functions representing forward and backward waves to satisfy the general solution of the wave equation. They studied the effect of properties of a single and a composite medium in contact with a granular chain.
Heterogeneous periodic and nonperiodic arrangements of granular beads have been investigated to design chains for specific objectives. Nesterenko et al. [16] studied the characteristics of wave reflection at the interface of two granular chains with distinct radii. Using these concepts, Daraio et al. [17] demonstrated energy trapping in composite granular media, trapping, and disintegrating high amplitude waves in softer particles into weaker separated pulses. Fraternali et al. [18] designed composite protectors to minimize the force transmitted through a granular chain using reflections between distinct materials. Job et al. [19] studied the effect of a single intruder granule with a different radius in an otherwise homogeneous chain, demonstrating energy localization at the intruder. A part of the incident energy is trapped as localized oscillations, whose frequency spectrum is shifted depending on the mass of this intruder and on the incident wave, showing its potential in wave mitigation and sound trapping in 3D granular assemblies.
Other studies have focused on frictional dissipation in elastic granular chains, starting from the investigation by Rosas et al. [20] , who observed a two-wave structure when a dissipative term is added to the Hertzian contact force. Vergara [21] modeled dissipation in granular chains by adding a viscoelastic term and a term proportional to the square of the beads' relative velocities to the equations of motion. Most of the aforementioned studies have been conducted for impact velocities small enough to avoid yielding. However, as noted in Pal et al. [22] and On et al. [23] , with increasing impact velocity, the stress concentration near the contact area causes plastic deformations, leading to very different static and dynamic behaviors than those of elastic beads described by the Hertzian contact law. Therefore, wave propagation in elasto-plastic granular chains [8, 22] has distinct features compared to their elastic counterparts. Furthermore, monodisperse elasto-plastic chains are found to exhibit very distinct behaviors depending on loading times [8] . For short loading times, there are two regimes of force decay: exponential and inverse, while, for long loading times, the material response has characteristics similar to an elasto-plastic bar described by a bilinear constitutive law. Thus, in the presence of yielding, the effects of plasticity on wave propagation become significant. Hence it is crucial to understand the effect of plasticity on dynamics of heterogeneous chains in order to design granular systems suitable for high load and loading rate applications, where there is significant plastic deformation.
Contact between elasto-plastic spheres has also been studied in the literature to develop models for use in discrete element methods [24] to model flow of granular particles. Many models [22, [25] [26] [27] for force-displacement response of elasto-plastic spheres have been developed using analytical approaches and finite element analyses, by solving the problem of a sphere contacting a rigid wall. By symmetry, these models can be used to simulate contact phenomena involving identical spheres. Wang and coworkers conducted static and dynamic experiments to obtain contact force-displacement data for identical [28] and dissimilar [29] spheres undergoing plastic deformations. To model the dynamics of heterogeneous granular chains, we require unified, simple and accurate elasto-plastic contact law between spheres of dissimilar materials. To that effect, we construct hereafter a contact law applicable to a wide range of elasto-plastic materials having different properties and sizes.
The objectives of this work are to systematically study the effect of an intruder particle on an otherwise monodisperse granular chain undergoing plastic deformation, and to characterize the force and energy transmitted for a given input. In the first part of this study, finite element simulations are conducted to extract contact laws for a wide range of material properties. After appropriate normalizations, a unified version of the model developed in Ref. [22] is shown to hold for distinct contacting spheres. The model is validated with dynamic experiments for different material combinations.
In the second part of this study, the effect of a single intruder on the dynamic response of a granular chain is studied, under a wide range of conditions, using numerical simulations, validated by experiments performed with a SHPB. The material properties of the intruder are varied and the key physical parameters governing energy transmission are identified. The position of an intruder in a short chain is demonstrated to have a significant effect on the force and energy transmission characteristics of the system.
Contact Law
In this work, the granules are modeled as elastic-perfectly plastic spheres, with no rate dependence. To model wave propagation in heterogeneous granular chains composed of these types of spheres, a contact force-displacement law is required between two contacting spheres of same or distinct materials. Here we numerically extract and experimentally validate a single unified such law, based on normalizations that can be applied to the elasto-plastic contact of any two elastic-perfectly plastic materials.
2.1 Normalized Contact Law. In Ref. [22] , numerical results over a wide range of yield strengths and size ratios were presented for elastic-perfectly plastic contacting spheres made of a single material. It was observed that normalizing the force-displacement data led to the curves for all these distinct cases collapsing to a single curve. The normalizations were validated with numerical simulations in Ref. [22] , here we derive them using first principles starting from the governing equations and considering two spheres of different materials and sizes in contact. Let (E i , i , r yi , R i ) be the Young's moduli, Poisson's ratios, yield strengths, and radii of the two contacting spheres, denoted by subscripts i ¼ 1, 2, and let ðu; ; rÞ denote the displacement, strain, and stress fields associated with the contact problem. The governing equation for the static continuum problem in the absence of body forces is r Á r ¼ 0. Let f ðr; r y Þ ¼ 0 be the von Mises yield criterion with yield function f, and let C be the elastic constitutive tensor. Assuming small deformations and strains, the constitutive law in incremental form for an elastic--perfectly plastic material following this yield criterion with associative Levy-Saint Venant flow rule is given by
where I and I are the second-and fourth-order identity tensors, respectively, n ¼ devðrÞ= devðrÞ k kand c ¼ n:_ is the consistency parameter. The key observation here is that C ep is a linear function of the Young's modulus E.
Let a be the relative displacement between the sphere centers and let
be the effective radius between the two spheres in contact. The solution is expressed in a cylindrical coordinate system with origin at the initial point of contact, the z-axis directed normal to the contact surface and r denoting the radial coordinate. Displacement and traction continuity conditions at the contact interface then, respectively, take the form [3] 
where, once again, subscripts 1 and 2 correspond to the two contacting spheres. The Poisson's ratio is kept fixed at 0.30, which is representative of many metallic materials of interest in this work. Without loss of generality, assuming r y1 r y2 , the normalized problem is expressed in terms of the yield strength of the softer material, r y ¼ min r y1 ; r y2 À Á ¼ r y1 and the ratio of the yield strengths, g ¼ r y2 /r y1 . We now introduce the following normalizations for the coordinate system x ¼ ðr cos h; r sin h; zÞ, displacement and stress fields:
where
is the effective stiffness of the two contacting materials.
These normalizations allow us to write the entire set of governing equations and boundary conditions in terms of dimensionless variables, independent of the physical dimensions, and material properties. The only variable entering this system is g ¼ r y2 /r y1 . The displacement a y and contact force F y at the onset of yield are given by [3] 
where B and C are numerical constants. The contact force is obtained from the stress field by
and the nondimensional force is defined to be
The relative displacement between the two spheres is computed far from the point of contact, and its nondimensional form is defined bỹ
From the above discussion, we note that the contact force-displacement law for any two contacting spheres of possibly different sizes, after normalizing by (F y , a y ) as shown above, depends on a single parameter g ¼ r y2 /r y1 , and is independent of the specific values of material parameters of both materials. This implies that a single contact law suffices to describe the behavior for a given value of g. In the remainder of this section, the above normalizations are verified for two spheres of different materials using finite element simulations.
Finite Element
Simulations. Similar to the approach followed in Pal et al. [22] , finite element analyses of contacting spheres are conducted to extract an elasto-plastic contact forcedisplacement law. The bottom sphere has material properties with Young's modulus E 2 ¼ 115 GPa, Poisson's ratio 2 ¼ 0.30, and yield strength r y2 ¼ 550 MPa (representative of brass). The Poisson's ratio of the top sphere is kept fixed at 1 ¼ 0.30, while its Young's modulus and yield strength are varied from E 1 ¼ 15 GPa to E 1 ¼ 1150 GPa and from r y1 ¼ 100 MPa to perfectly elastic material (r y1 ! 1). Both spheres have radius R ¼ 4.76 mm. The finite element analyses are conducted in ABAQUS with the same mesh (refined in the contact area) as that used in Ref. [22] . An axisymmetric domain is considered with the boundary conditions and loading-unloading cycles as shown in Fig. 1 . The flat surface of the bottom sphere is constrained to move horizontally, while the vertical component of displacement is prescribed on the flat surface of the top sphere and the curved surfaces are traction free. Figure 1 shows the von Mises stress contours for steel (top) and brass (bottom) spheres in contact (a/R * ¼ 0.08), with yield strengths of 700 MPa and 550 MPa, respectively. It is observed that, though a significant volume of material yields plastically in both spheres, the deformation is almost entirely in the softer material (brass). Similar trends have been observed in both quasi-static and dynamic experiments on half spheres [29] where all the plastic deformations take place in the softer material (i.e., material with lower yield strength).
From finite element simulations, the net contact force at each step of the prescribed displacement is computed by summing the reaction forces on the top sphere. Figure 2(a) shows the force-displacement data for a small sample set of the conducted simulations. The force-displacement data are then nondimensionalized by normalizing the relative displacement and contact force with a y and F y (Eqs. (4) and (5)), respectively, which are the displacement and contact force at the onset of yield of the lower strength material. As noted above, these are functions of the yield strength of the weaker material, and the effective stiffness and radii of contacting spheres. Figure 2(b) shows this nondimensional force-displacement data as solid curves. The loading and unloading curves collapse to a single curve for low and moderate displacements, where the assumptions of small strain deformation are valid. Also shown in this figure as a dashed curve is the force-displacement curve given by the model proposed by Pal et al. [22] . Although a small set of numerical results are presented here, the normalized force-displacement data for several combinations of material properties over the entire range is found to Fig. 1 von Mises stress contours between steel (top) and brass (bottom) spheres. Though both spheres have a large plastic yield volume, the plastic deformations are entirely in the softer brass sphere, similar to the experimental observations by Wang et al. [29] . (10) with a R being the residual displacement andã R ¼ a R =a y . From Fig. 2(b) , it is clear that a single contact law describes the forcedisplacement behavior for any two elastic-perfectly plastic contacting spheres having size, stiffness or yield strength mismatch. Hence the contact law is identical even for distinct values of the yield strength ratio g and this gives a unified law for any two elastic-perfectly plastic spheres of distinct materials and sizes.
2.3 Validation. The model described by Eqs. (9) and (10) is validated by comparing with experiments performed on spherical particles made of different materials [29] . The experimental results for three different pairs (brass alloy 260-stainless steel 302, brass alloy 260-aluminum alloy 2017, and stainless steel 302-aluminum alloy 2017) are compared with the proposed model in Fig. 3 . As apparent there, good agreement is achieved with the error less than 15%, indicating that the contact model can capture a wide range of material combinations. The difference between experimental measurements and model predictions is attributed to the assumption of an elastic-perfectly plastic material model.
Although all simulations in the present work have been conducted with both spheres having identical radii, it is noted that the finite element analyses results on spheres made of the same material but having distinct sizes follow the same normalized law. Furthermore, the scaling laws derived earlier in the section indicate that contact response of spheres with distinct sizes also follows the same law. Thus, the proposed model [22] 
3 Dynamic Simulations 3.1 Problem Setup and Numerical Method. The contact law developed in Sec. 2.2 is now used to study wave propagation in heterogeneous granular chains. The effect of a single intruder location on the force and energy transmission in an otherwise homogeneous granular chain has been studied experimentally in Ref. [31] , using a split-Hopkinson bar setup, as sketched in Fig. 4 . To validate our dynamic simulations, we first describe the numerical procedure to simulate the dynamics of a granular chain in contact with an elastic bar. This numerical procedure is then used to systematically study the effect of material properties and location of an intruder in an otherwise homogeneous granular chain, which is in contact with an elastic medium, a bar in this case.
The granular chain is modeled as a nonlinear spring mass system with the granules as point masses and the contacts between them modeled as nonlinear springs with a constitutive response described by Eqs. (9) and (10) . Let m i and u i denote the mass and displacement of bead i, and let F ij denote the contact force between beads i and j. The equation of motion for the ith bead is (no sum on i)
with a i À 1,i denoting the relative displacement between the centers of beads i À 1 and i
The bar is modeled as a linearly elastic material with density q b , cross section area a b and stiffness E b , and its displacement field u b (x, t) is governed by the equation
The interaction between the bar and contacting granule is also represented by the nonlinear spring following the model described in the previous section, with R * ¼ R and r y ¼ r gran y . The bar is represented using linear (two-node) finite elements, together with a central difference explicit time-marching scheme, while a Runge-Kutta time stepping scheme is used for the granules.
Validation.
The experimental setup is briefly described here; more details on the experiments can be found in Ref. [31] . The diameters of the incident and transmitter bars are all 12.7 mm. A striker with same diameter and a length of 152.4 mm is used to generate an incident loading pulse of approximately 100 ls. Although many material combinations were studied in Fig. 3 Comparison of quasi-static experimental data with numerical model (9)-(10) for three distinct material combinations Fig. 4 Schematic of a SHPB experiment used to study force transmission through a heterogeneous granular chain [31] Ref. [31] , here we are interested in a 14 bead granular chain with 13 brass alloy 260 beads and 1 aluminum alloy 2017 intruder bead (8th bead from the incident bar) is sandwiched between the incident and transmitted bar. The reason for selecting this system is that it has been shown to be rate insensitive between the quasistatic and SHPB rates [29] , and the current simulation work is based on a quasi-static rate-independent model. All beads are of radius R ¼ 4.76 mm. The incident, reflected and transmitted strain signals measured from the strain gauges on the incident and transmitted bars are used to calculate the transmitted force ratio (peak transmitted force/peak incident force) and transmitted energy ratio (total transmitted energy/total incident energy). For the numerical simulations, the incident signal measured by the strain gauge is applied as a traction boundary condition at the strain gauge location of the incident bar (Fig. 4) . The time step Dt is chosen to be 2 Â 10 À9 s and the above numerical formulation is validated by comparing with experimental measurements. Figure 5 (a) shows a comparison of the force at the incident and transmitted gauges recorded for the transmitted and reflected waves. Most of the energy input is reflected back into the bar, because of the large impedance mismatch between the steel bar and the single contact point of the first granule in the sample, and this response is captured well by the numerical simulation. The transmitted wave is also predicted reasonably well, with Fig. 5(b) showing some difference in a zoomed-in scale for the transmitted force. This difference between the numerical and experimental results in Fig. 5(b) is attributed to the errors in the specification of the granular material properties and the assumption of no hardening in the contact law, which results in a progressive accumulation of error along the chain. It is also noted that, though the contact law is derived from quasi-static finite element analysis, it compares well with dynamic experimental data for rate insensitive materials in this strain rate range.
Effect of Intruder.
Having validated the contact law and the dynamic solver used for a granular chain in a SHPB setup, we now study the effect of intruder granules on the dynamics of these systems. We remark here that the SHPB setup, where the granular chain is confined between two bars, was intended as a validation of the numerical procedure with experiments. However, to understand the dynamics of these granular chains, we consider a simpler setup, where the loading is directly applied on the granular chain. Indeed, the design of real granular systems would likely involve finite chains in contact with a continuous medium. Here, the medium at the end of the chain is modeled as a linear elastic bar, since the bar in experiments has a sufficiently high cross-sectional area and yield strength to resist plastic deformation. This setup is in tune with other works, which either consider fixed or other boundary conditions [14] , and in contrast with the investigations of wave propagation in infinite elasto-plastic granular systems [8, 22] . Also, in contrast to Ref. [15] where the authors work with short bars at the end of granular chains, the bar here is taken to be sufficiently long so that there is no effect of reflection from its free end. To design heterogeneous chains of granular beads, it is essential to first understand the dynamics in the presence of a single intruder under a variety of loading conditions and intruder material properties. To this end, numerical simulations are performed with the system subjected to loading times much longer than the timescale of wave propagation through the chain. Figure 6 (a) shows a schematic of the problem configuration: a finite granular chain with a single intruder is subjected to a step load of amplitude P for duration T. The objective in the present work is to study the amount of energy transmitted to the bar and its peak force F p when the granular chain is impacted. The simpler case of impact on a homogeneous chain is presented here to illustrate many of the key features of the phenomena. Figure 6(b) shows the time evolution of contact forces across a long homogeneous chain in contact with a semi-infinite elastic bar. There are multiple waves interacting between the granules. A wave may operate either in the loading or unloading part of the forcedisplacement law at a contact, and these are correspondingly referred to as the loading and unloading waves. At initial times, a loading wave propagates through the chain. As the loading stops, an unloading wave is initiated and its collision with the leading wave results in a complex pattern of interacting waves. The wave speed is proportional to the slope of the force-displacement contact law. Therefore, the unloading wave (U) has a higher speed than the loading wave (L), as evident from the xt-diagram, where the unloading waves are observed to have lower slope. Figure 6 (b) also illustrates that the wave speed of elastic wave in the bar (B) is much higher than either waves in the granular chain. Indeed, this is consistent with our assumption of dynamic equilibrium attained in each of the granules as the waves pass through them, which allows for treating the granules as point masses. We observe that the beads eventually move to the left, and there is no contact with the bar, after the unloading wave has traversed the chain almost three times. The dynamics of heterogeneous chains also have these features, in addition to wave reflection at the intruder interface due to an impedance mismatch.
The heterogeneous system under study consists of a chain of 19 brass beads (E ¼ 115 GPa, ¼ 0.30, r y ¼ 550 MPa, and q ¼ 8500 kg/m 3 ) and a single intruder bead. Its left end is free and is impacted while the right end is in contact with an elastic bar. Two intruder materials are considered: a softer intruder made of pure aluminum (E ¼ 67 GPa, ¼ 0.30, r y ¼ 150 MPa, and q ¼ 2700 kg/m 3 ) and a harder intruder made of steel (E ¼ 210 GPa, ¼ 0.3, r y ¼ 700 MPa, and q ¼ 7850 kg/m 3 ). All the beads have a radius R ¼ 4.76 mm. The chain is subjected to a step load of amplitude P ¼ 10 kN for a duration T ¼ 100 ls and the response of the system is studied by varying the location of the intruder bead. Figure 7 shows the peak transmitted force, F p (normalized by P) and the total energy (strain and kinetic energy) in the bar after all the waves have passed in the granular chain and the beads have moved to the left. Also shown are corresponding values for the pure brass, steel, and aluminum granular chains for the same loading conditions.
The presence of a steel intruder has little effect on the transmitted force or energy, while these quantities vary significantly with the position of the aluminum intruder. Similar trends have been observed in SHPB experiments by On et al. [31] (Figs. 14 and 16 in Ref. [31] ). When the intruder is placed further down the chain, both the peak force and the transmitted energy decrease. A soft intruder has the effect of increasing the loading time and decreasing the amplitude of the incident wave. Since the total loading time on the bar is constant (almost twice the time taken for an unloading wave to traverse the whole chain, after which all the beads move to the left) and the peak force decreases down the chain, the transmitted force and energy to the bar also decrease as the intruder is moved further down the chain. Numerical simulations show that the energy dissipated increases and both the kinetic energy of granules and energy transmitted decrease as the intruder is moved down the chain. When the intruder is located in the initial part of the chain, the transmitted energy increases and then decreases, while the peak force also shows some variation. This is attributed to inertial effects and waves interacting with the boundary while the loading is still on.
These results show that the presence of a single intruder in a granular chain can significantly alter the transmitted energy and peak force if the intruder is softer than the rest of the chain, by additional yielding and by wave reflection. It is also noted that these quantities can be lower than the corresponding values for a chain composed purely of beads of the intruder material (pure Al in this case). The key reason for this variation is the pulse broadening due to the impedance mismatch at the intruder interface. This results in a larger fraction of energy dispersed in the form of kinetic energy of the beads. Although the dissipation at a softer intruder is higher, we note that this impedance mismatch in a heterogeneous chain results in lower energy getting transmitted to the bar compared to the case where the entire granular chain is composed of the softer intruder material. Thus impedance mismatch between the two media, leading to energy reflected back, is identified as the dominant mode, as opposed to plastic dissipation, of impact resistance in these heterogeneous granular chains for the loading conditions considered here. We also remark here that the position at which the maximum force is attained can vary with the loading time. , and cross-sectional area a b ¼ 127 mm 2 . As before, the length of the bar is chosen to be sufficiently large so that the reflection of transmitted waves from its free end does not affect the solution at the interface. The granule material properties are chosen to correspond to steel, with material properties E ¼ 210 GPa, ¼ 0.3, r y ¼ 700 MPa, q ¼ 7850 kg/m 3 , and radius R ¼ 4.76 mm. The intruder is located at the 10th position, with three of its material parameters chosen as the same as those of the granules in the chain, while a single parameter is varied over a range. A constant force P ¼ 10 kN is prescribed on the first bead for a time duration T ¼ 100 ls. indicate the intruder and homogeneous chain beads' properties, respectively. The transmitted energy in an intruder chain is almost constant, even as the intruder's Young's modulus is varied over four orders of magnitude. The transmitted energy ratio increases with decreasing yield strength, and with increasing radii and density. These trends can be explained by considering the relative timescale of motion of the intruder and the homogeneous material. Based on a first-order approximation of the contact law in the equation of motion in the granular chain, the acceleration of the bead scales with its displacement as € u $ ðr y =qD 2 Þu. This relation suggests that the characteristic timescale of wave propagation through a bead of specified material and size is s Ã ¼ D ffiffiffiffiffiffiffiffiffi ffi q=r y p . Figure 8 (b) recasts the data presented in Fig. 8(a) by scaling the properties on the x-axis according to the functional dependence of s * on these properties. As apparent in that figure, this transformation leads to the curves associated with the yield stress (r i y ), radius (R * ), and density (q i ) collapsing onto a single curve. The small deviations arise due to nonlinear dependence of the contact law on the material parameters, while the timescale s * was derived with the assumption of linearity of the contact law in both loading and unloading regimes.
From a physical point of view, when the timescale characterizing the motion of the intruder is much larger, the leading wave encounters an interface having a higher impedance. This is similar to the leading wave encountering an interface like a bar, which leads to a buildup of forces behind it, as shown previously in region 1 in Fig. 6(b) . Both the duration of this buildup and the increase in force magnitude depend on the relative timescales s * of the intruder and homogeneous beads. On the other hand, when this timescale of the intruder is shorter, there is no corresponding buildup of forces behind the interface, and hence only a small variation is observed, which is due to waves reflected at the interface. Hence, the change in transmitted energy due to the presence of the intruder is solely a function of the ratio of s * for the intruder and the granular chain materials.
Conclusions
A numerical study of the effect of an intruder on the dynamics of elasto-plastic granular chains has been conducted. In the first part of this study, normalized contact laws have been derived for any two elastic-perfectly plastic spheres of distinct materials and sizes. The normalizations have been derived from the governing equations and are verified using finite element simulations. After appropriate normalizations, a unified contact law has been obtained and validated using quasi-static experiments, showing good agreement.
In the second part, the unified contact law has been used to perform dynamic simulations of a granular chain in contact with a linear elastic bar. The effect of an intruder in a granular chain has been analyzed by varying its position. The peak transmitted force and energy to the bar have been found to depend on the location of the intruder when it is softer than the homogeneous chain material, while it has little sensitivity to position when the intruder is of a harder material. Finally, the key nondimensional material parameter which dictates the extent of energy transmitted was identified by physical arguments and has been verified by systematic numerical simulations. This work is intended to be the foundation for designing real granular systems to mitigate or tailor impact waves, in energy regimes where the materials deform plastically. 
